Abstract. In this article, we study skew ruled surfaces by using the geodesic Frenet trihedron of its generator. We obtained some conditions on this surface to ensure that this ruled surface is flat, II-flat, minimal, II-minimal and Weingarten surface. Moreover, the parametric equations of asymptotic and geodesic lines on this ruled surface are determined and illustrated through example using the program of mathematica.
Introduction
In the surfaces theory, it is well-known that a surface is said to be "ruled" if it is generated by a continuously moving of a straight line in the space. Ruled surfaces are one of the simplest objects in geometric modeling. One important fact about ruled surfaces is that they can be generated by straight lines. One would never know this from looking at the surface or its usual equation in terms of x, y, and z coordinates, but ruled surfaces can be rewritten to highlights the generating lines. A practical application of ruled surfaces is that they are used in civil engineering. Since building materials such as wood are straight, they can be thought of as straight lines. The result is that if engineers are planning to construct something with curvature, they can use a ruled surface since all the lines are straight.
The study of some classes of ruled surfaces with special properties in Euclidean 3-space such as developable, skew (non-developable), minimal, II-minimal, and II-flat is one of the principal aims of the classical differential geometry. This kind of surfaces has an important role and many applications in different fields, such as Physics, Computer Aided Geometric Design and the study of design problems in spatial mechanism, etc [12, 13] . There are many studies that interested with many properties of these surfaces in Euclidean space and some characterizations [5, 11] . Furthermore, many geometers have studied some of the differential geometric concepts of the ruled surfaces in Minkowski space [1] [2] [3] [7] [8] [9] .
In this paper, we consider a ruled surface for which the tangent of its base curve given as a linear combination of the Geodesic Frenet trihedron. The condition for skew ruled surfaces to be flat, minimal, II-flat, II-minimal and Weingarten surfaces are obtained. Moreover, the asymptotic and geodesic lines are determined and solved under some conditions with respect to skew ruled surfaces. Finally, example has been given related to the subject.
Preliminaries
In this section, we briefly review differential geometry of surfaces in so much as it is related to the developments in the subsequent section. More details can be found for example in [6, 10, 14] .
A ruled surface is generated by a one-parameter family of straight lines and it possesses a parametric representation,
where α(s) represents a space curve which is called the base curve and e(s) is a unit vector representing the direction of a straight line and s is the arc-length along the base curve α(s). Let n denotes the unit normal vector field on the surface (2.1) which is given by
where ∧ stand the cross product in Euclidean 3-space. Then the metric I of the surface (2.1) is defined as
with differentiable coefficients
where , is the Euclidean inner product in Euclidean 3-space. The discriminate g of the first fundamental form I is given as
The second fundamental form II of the surface (2.1) is given by 6) with differentiable coefficients
The discriminate h of the second fundamental form II is
For the parametrization of the ruled surface (2.1), we have the mean curvature H and the Gaussian curvature K as follows
Using classical notation, we define the second Gaussian curvature K II by [5] where, h ij,l = ∂hij ∂s l , and h ij,lm = ∂ 2 hij ∂u l ∂u m , the indices i, j belong to {1, 2} and the parameters u 1 , u 2 are s, v, respectively. Since Brioschis formulas in Euclidean 3-spaces, we are able to define the second mean curvature H II of the surface (2.1) by replacing the components of the first fundamental form g ij by the components of the second fundamental form h ij respectively in Brioschis formula. Consequently, the second mean curvature H II is given by [4] 
where, ∆ is the Laplacian with respect to the second fundamental form of the surface (2.1), expressed as ∆ = 1
where, h ij denotes the associated matrix with its inverse h ij .
Geodesic Frenet trihedron of the ruled surface
For the ruled surface defined by the representation (2.1), the vector e(s) traces a general space curve (as s varies) on the surface of unit sphere s 2 (1) called spherical indicatrix of the ruled surface. If we denote the arc length of e(s) as s * , then
The unit surface normal, N , to a ruled surface represented by Eq.(2.1) is then
2)
The unit normal along a general generator l = ψ(s 0 , v) of the ruled surface approaches a limiting direction as v infinitely decreases. This direction is called the asymptotic normal direction and is defined as
At v increases to +∞, the unit normal rotates through 180
• about l and ultimately takes the direction − g. The point at which N has rotated only 90
• and is perpendicular to g is called the striction point (or central point) on l. The direction of N at this point is denoted by t and called the central normal of the ruled surface and is given by
4)
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The Frenet trihedron on a ruled surface can then be defined by the dexterous triplet of vectors { e, t, g}, where 
where µ = e, es∧ ess | es| 3
is the geodesic curvature of spherical indicatrix e. These differentials are called the geodesic Frenet trihedron formulas of the indicatrix e for a ruled surface.
Definition 3.1. The striction point on a ruled surface φ is the foot of the common normal between two consecutive generators. The set of striction points defines the striction curve which is given by
If consecutive generators of a ruled surface intersect, then the surface is said to be developable, otherwise the surface is said to be skew.
In this paper, the striction curve of the ruled surface ψ will be taken as the base curve. In this case, the parametric equation of the surface (2.1), can be written as 8) where the tangent of the base curve of M is given by c = λ 1 e + λ 2 t + λ 3 g ∈ span{ e, t, g}, (3.9) 
The distribution parameter of the ruled surface M is defined by
e , e = λ 3 .
(3.12)
Since the ruled surface M defined by Eq. (3.8) is a skew ruled surface, then λ 3 = 0
Skew ruled surfaces
In this section, we study the skew ruled surface (3.8) and get the conditions for the surface M to be minimal, II-minimal, II-flat and Weingarten surface. For the skew ruled surface M, using Eqs.(3.6 )and (3.11), the tangents of the parametric curves of the surface M are given by
(4.1)
Thus, the first fundamental quantities are given as follows
2) Hence, the discriminate g of the first fundamental form of M is
As an immediate result we have the following .
(4.4)
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Moreover, the principal normal vector e 2 of M at the base curve(v=0) is
From Eqs. (3.11) and (4.5), the binormal vector e 3 of the curve c can be performed as e 3 = e 1 ∧ e 2 = λ 1 g − λ 3 e. 
8) The second derivatives for the function φ on M are given in the form
Hence, we can reach the second fundamental quantities by using (2.7) as follows
(4.10) Using Eqs. (2.6) and (4.10), the second fundamental form of M is
Substituting from Eqs. (4.3) and (4.10) in Eq. (2.9), the Gaussian curvature K of the ruled surface M is
Indeed we have the following theorem:
Theorem 4.1. The Gaussian curvature K of the ruled surface M is non positive and K equal to zero only along the ruling which meet the striction curve at a sigular point (P e = 0, v = 0). Using Eqs. (4.2) and (4.10), the mean curvature H of the ruled surface M is given by
Hence, we have the following Using Eqs.(2.10) and (2.11) , it is easy to see that the second Gaussian curvature K II and the second mean curvature H II of the ruled surface M are, respectively
(4.15) If point P displaced orthogonally along the ruling e to a neighbouring point P 0 , then we have an orthogonal trajectory γ: I → φ(s, v)
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The condition that the point P be displaced orthogonally to the ruling is γ , e = 0. (4.18) More explicitly,
where c 1 is an arbitrary real constant. The points on the base curve c(s) from which the arc length is measured may be chosen to make c 1 = 0, then the distance v to a particular orthogonal trajectory is given by
As an immediate result we have the following Corollary 4.4. The distance v along a ruling from the base curve curve c(s) to an orthogonal trajectory γ is proportional to the arc length of the base curve.
Curves on skew ruled surfaces
In this section, we introduce the parametric equations which determine the asymptotic and the geodesic lines on the ruled surface M . Finally, example is given to show the asymptotic and the geodesic curves on the skew ruled surfaces under investigation.
5.1. The geodesic torsion. Consider a regular curve γ on the the surface M defined by Eq. (4.17). Since n is the unit normal vector field of the surface M , then the geodesic torsion τ g for the curve γ is given by
Taking the derivative of the curve γ = γ(s) and the unit normal vector n = n(s, v(s)) with respect to the arc length s * , respectively, we obtain
Thus, we have
Remark 5.1. The geodesic torsion for the base curve
5.2. The normal curvature. For the curve γ on the the surface M defined by Eq. (4.17), the normal curvature k n is given by
Taking the derivative of Eq. (5.2), we have
Hence, we get as shown in figure (2) . Thus, we have the following Theorem 5.2. For the skew ruled surface M , if the base curve is parallel to the asymptotic normal of the spherical indicatrix e, then the geodesic lines on the ruled surface M is given by Eq. (5.19).
